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a b s t r a c t
The adjacent vertex-distinguishing chromatic index χ ′a(G) of a graph G is the smallest
integer k forwhichG admits a proper edge k-coloring such that any pair of adjacent vertices
are incident to distinct sets of colors.
In this paper, we prove that if G is a K4-minor free graph, without isolated edges, and
with maximum degree∆ ≥ 4, then∆ ≤ χ ′a(G) ≤ ∆+ 1; when∆ ≥ 5, χ ′a(G) = ∆ if and
only if G contains no adjacent vertices of maximum degree.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
In this paper, we only consider simple graphs. Let G be a graph with vertex set V (G), edge set E(G), maximum degree
∆(G) (for short,∆), andminimumdegree δ(G). A vertex v is called a k-vertex (k+-vertex, k−-vertex, respectively) if the degree
dG(v) (for short, d(v)) of v is k (at least k, at most k, respectively). Let NG(v) denote the set of neighbors of the vertex v. We
write σ(G) = |V (G)| + |E(G)|.
A proper edge k-coloring of G is a mapping φ : E(G) → {1, 2, . . . , k} such that φ(e) ≠ φ(e′) for any two adjacent
edges e and e′. The chromatic index χ ′(G) of G is the smallest integer k such that G has a proper edge k-coloring. Let
Cφ(v) = {φ(xv) | xv ∈ E(G)} denote the set of colors assigned to edges incident to a vertex v. A proper edge k-coloring is
adjacent vertex-distinguishing, or an avd-edge k-coloring, if Cφ(u) ≠ Cφ(v) for any pair of adjacent vertices u and v. The
adjacent vertex-distinguishing chromatic index, denoted by χ ′a(G), is the smallest integer k such that G has an avd-edge
k-coloring. Obviously, a graph G has an avd-edge coloring if and only if G contains no isolated edges. In the following, a
graph without isolated edges is called a normal graph.
It is evident that χ ′a(G) ≥ χ ′(G) ≥ ∆. The celebrated Vizing Theorem says that χ ′(G) ≤ ∆ + 1 for any simple graph G.
In contrast, there exist infinitely many graphs G such that χ ′a(G) > ∆ + 1. For instance, if n ≢ 0 (mod 3) and n ≠ 5, then
the cycle Cn satisfies χ ′a(Cn) = 4 = ∆ + 2, whereas χ ′a(C5) = 5 = ∆ + 3. Zhang et al. [1] first investigated the adjacent
vertex-distinguishing edge coloring of graphs. They completely determined the adjacent vertex-distinguishing chromatic
indices for paths, cycles, trees, complete graphs, and complete bipartite graphs. Based on this, they proposed the following
conjecture.
Conjecture 1. If G is a normal graph with at least 6 vertices, then χ ′a(G) ≤ ∆+ 2.
Balister et al. [2] confirmed Conjecture 1 for all bipartite graphs and graphs with ∆ = 3. Using a powerful probabilistic
method, Hatami [3] showed that every normal graphGwith∆ > 1020 hasχ ′a(G) ≤ ∆+300. Bu et al. [4] showedConjecture 1
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for planar graphs of girth at least 6. Chen and Guo [5] determined completely the adjacent vertex-distinguishing chromatic
indices of hypercubes.Wang andWang [6] studied the adjacent vertex-distinguishing edge coloring of graphswith the small
maximum average degree. It is shown in [7] that if G is a planar bipartite graph with∆ ≥ 12 then χ ′a(G) ≤ ∆+ 1.
In this paper, we focus on the adjacent vertex-distinguishing edge coloring of K4-minor free graphs. We will give a
complete characterization for the adjacent vertex-distinguishing chromatic indices of K4-minor free graphs Gwith∆ ≥ 5.
2. A structural lemma
A graphG has a graphH as aminor ifH can be obtained from a subgraph ofG by contracting edges, andG is calledH-minor
free if G does not have H as a minor.
Suppose that G is a K4-minor free graph. For u ∈ V (G), we call u a center vertex if each vertex in NG(u) is either a
3+-vertex or a 2-vertex which is adjacent to another 3+-vertex in NG(u). For any center vertex u ∈ V (G), we denote
S(u) = {x ∈ NG(u) | d(x) ≥ 3} and DG(u) = |S(u)|.
Lemma 1 ([8]). Every K4-minor free graph Gwith∆(G) ≥ 3 and δ(G) = 2 contains either two adjacent 2-vertices or (B∗), where
(B∗) is a center vertex u with d(u) ≥ 3 and DG(u) ≤ 2.
Lemma 2. Every connected K4-minor free graph G with ∆(G) ≥ 3 contains at least one of configurations in {(B1), (B2),
. . . , (B5)}:
(B1) A vertex is adjacent to at least one leaf and at most two 3+-vertices.
(B2) A path x1x2 . . . xm,m ≥ 4, with d(x1) ≥ 3, d(xm) ≥ 2, and d(xi) = 2 for all i = 2, 3, . . . ,m− 1.
(B3) A 3-cycle xyzx with d(x) = 2, 2 ≤ d(y) ≤ 3, and d(z) ≥ 3.
(B4) Two 3-cycles xx1zx and yy1zy with d(z) = 4 and d(x1) = d(y1) = 2.
(B5) A 4-cycle y1y2y3y4y1 such that d(y2) = d(y4) = 2, d(y1), d(y3) ≥ 3, and y1 is adjacent to at most two 3+-vertices.
Proof. Let G be a connected K4-minor free graph with ∆(G) ≥ 3 that does not contain (B1). Then no 3−-vertex is adjacent
to a leaf.
LetH be the graph obtained by removing all leaves from G. Clearly,H is still a connected K4-minor free graph. If δ(H) = 1,
there must be a vertex u such that all the neighbors of u except one are leaves in G. Then (B1) occurs in G, a contradiction.
Thus, δ(H) = 2. Since (B1) was excluded from G, it follows that dH(v) = dG(v) for any vertex v ∈ V (G)with 2 ≤ dG(v) ≤ 3.
So∆(H) ≥ 3. By Lemma 1, H contains either a pair of adjacent 2-vertices or (B∗). If H contains a pair of adjacent 2-vertices,
say x1, x2, let x′i be the other neighbor of xi distinct from x3−i for i = 1, 2. If x′1 does not coincide with x′2, and at least one of
them is a 3+-vertex, then (B2) occurs in H and hence in G. If x′1 = x′2, then since∆(H) ≥ 3, we have dH(x′1) ≥ 3, hence (B3)
occurs in H and further in G. If x′1 ≠ x′2 and dH(x′1) = dH(x′2) = 2, we can repeat this process until a 3+-vertex is found. This
is possible because∆(H) ≥ 3 and H is connected.
Assume that H contains (B∗), i.e., a center vertex u ∈ V (H) with dH(u) ≥ 3 and DH(u) ≤ 2. Since u is adjacent to at
most two 3+-vertices in H by definition, no leaf is adjacent to u in G by (B1). This means that dH(u) = dG(u). Again, since
G contains no (B1), no 2-vertex in NG(u) is adjacent to the leaves of G. This shows that DG(u) = DH(u) ≤ 2. Therefore, (B∗)
is also a configuration of G. If DH(u) = 1, then S(u) = {x}. Since dG(u) ≥ 3, there exist two 2-vertices x1, x2 which are
adjacent to both u and x. Thus, ux1xx2 forms a 4-cycle and hence (B5) occurs in G. Assume that DG(u) = 2 and S(u) = {x, y}.
If there exist two 2-vertices either adjacent to both u and x or to both u and y, (B5) occurs in G. Otherwise, it is easy to see
that dG(u) ≤ 4. If dG(u) = 3, then (B3) is a configuration of G. If dG(u) = 4, then (B4) is a configuration of G. This completes
our proof. 
3. Adjacent vertex-distinguishing edge coloring
In this section, we establish the main result of this paper. We first give two preliminary lemmas. The first one is an easy
observation from the definition of adjacent vertex-distinguishing edge coloring. The second one appeared in [2]:
Lemma 3. If a graph G contains adjacent ∆(G)-vertices, then χ ′a(G) ≥ ∆(G)+ 1.
Lemma 4. If G is a graph with∆(G) ≤ 3, then χ ′a(G) ≤ 5.
Theorem 5. If G is a normal K4-minor free graph with∆(G) ≥ 4, then χ ′a(G) ≤ ∆(G)+ 1.
Proof. We prove the theorem by induction on σ(G) = |V (G)| + |E(G)|. Let ∆ = ∆(G). If σ(G) ≤ 7, the theorem holds
trivially. Assume that G is a normal K4-minor free graphwith∆ ≥ 4 and σ(G) ≥ 8. Thus,∆+1 ≥ 5. By Lemma 2, G contains
at least one of the configurations (B1)–(B5). In each case, we pick up a normal subgraph H of G with σ(H) < σ(G) and
∆(H) ≤ ∆. If∆(H) ≤ 3, then H has an avd-edge 5-coloring by Lemma 4. If∆(H) ≥ 4, then H has an avd-edge (∆(H)+ 1)-
coloring by the induction hypothesis. Since ∆ + 1 ≥ max{5,∆(H) + 1},H always has an avd-edge (∆ + 1)-coloring. In
what follows, we always use C = {1, 2, . . . ,∆+ 1} to denote a set of colors used in the proof.
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(B1) G contains a k-vertex v with neighbors v1, v2, . . . , vk such that d(v1) = 1, d(vi) ≤ 2 for i = 2, 3, . . . , k− 2.
Clearly, 2 ≤ k ≤ ∆. Let H = G − v1. Then H is a normal K4-minor free graph with σ(H) < σ(G). By the induction
assumption or Lemma 4, H has an avd-edge (∆+ 1)-coloring φ using the color set C = {1, 2, . . . ,∆+ 1}. Without loss of
generality, assume that φ(vvi) = i− 1 for i = 2, 3, . . . , k. The proof is divided into the following three cases:
(1.1) k = 2.
If d(v2) ≠ 2, we color vv1 with 2. If d(v2) = 2, let u ≠ v be the second neighbor of v2. It suffices to color vv1 with a color
in C \ {1, φ(uv2)}. Since |C | = ∆+ 1 ≥ 5, φ is extended into an avd-edge (∆+ 1)-coloring of G.
(1.2) k = 3.
If d(v2) ≠ 3 and d(v3) ≠ 3, we color vv1 with 3. If exactly one of d(v2) and d(v3) is equal to 3, say d(v2) = 3, let e1 and
e2 be the incident edges of v2 different from vv2. We color vv1 with a color in {3, 4, 5} \ {φ(e1), φ(e2)}.
Now, assume that d(v2) = d(v3) = 3. If there exists a color c ∈ {3, 4, 5} such that c ∉ Cφ(v2)∪Cφ(v3), we color vv1 with
c. If there exists a color c ∈ {3, 4, 5} such that c ∈ Cφ(v2) ∩ Cφ(v3), we color vv1 with a color in {3, 4, 5} \ {c}. Otherwise,
since |Cφ(v2) \ {1}| = d(v2)− 1 = 2 and |Cφ(v3) \ {2}| = d(v3)− 1 = 2, we may assume that 3, 4 ∈ Cφ(v2) \ Cφ(v3) and
5 ∈ Cφ(v3) \ Cφ(v2). Let vv1 be colored with 4.
(1.3) k ≥ 4.
We note that d(v2) ≤ 2. Since |C | = ∆+ 1 ≥ d(v)+ 1 = k+ 1, we derive that k, k+ 1 ∈ C . If k ∈ Cφ(vk−1) ∩ Cφ(vk),
we color vv1 with k + 1. If k ∉ Cφ(vk−1) ∪ Cφ(vk), we color vv1 with k. For k + 1, we have a similar argument. If
{k, k+ 1} ⊆ Cφ(vk−1) \ Cφ(vk), or {k, k+ 1} ⊆ Cφ(vk) \ Cφ(vk−1), we color vv1 with k.
Finally, we may assume that k ∈ Cφ(vk−1) \ Cφ(vk) and k + 1 ∈ Cφ(vk) \ Cφ(vk−1). If d(v2) = 1, we recolor vv2 with k
and color vv1 with k+ 1. So assume that d(v2) = 2. Let u ≠ v be the second neighbor of v2. If d(u) ≠ 2, we recolor vv2 with
a color c ∈ {k, k+ 1} \ {φ(uv2)}, and then color vv1 with a color in {k, k+ 1} \ {c}.
Now, assume that d(u) = 2. Let w ≠ v2 be the second neighbor of u. If there exists c ∈ {k, k + 1} \ {φ(uv2), φ(uw)},
we recolor vv2 with c , and then color vv1 with a color in {k, k+ 1} \ {c}. Otherwise, we may suppose that φ(uv2) = k and
φ(uw) = k+ 1. If d(w) ≠ 2, we exchange the colors of vv2 and uv2, and then color vv1 with k+ 1. Further, we assume that
d(w) = 2. Let t ≠ u be the second neighbor of w. We recolor uv2 with a color c ∈ {1, 2, 3} \ {φ(uw), φ(wt)}, vv2 with k,
then color vv1 with k+ 1.
It is easy to inspect that the extended coloring is an avd-edge (∆+ 1)-coloring of G for each of the possible subcases.
(B2) G contains a path x1x2 . . . xm,m ≥ 4, with d(x1) ≥ 3, d(xm) ≥ 2, and d(xi) = 2 for all i = 2, 3, . . . ,m− 1.
The proof is split into the following subcases:
(2.1) x1 is identical to x4, i.e., x1x2x3x1 is a 3-cycle.
Let H = G − x2x3. Then H is a normal K4-minor free graph with ∆(H) = ∆ ≥ 4 and σ(H) < σ(G). By the induction
hypothesis, H has an avd-edge (∆+ 1)-coloring φ using the color set C . As φ(x1x2) ≠ φ(x1x3), we color x2x3 with a color in
C \ {φ(x1x2), φ(x1x3)}.
(2.2) x1 is different from x4.
Let H = G− x3 + x2x4. Then H is a (simple) normal K4-minor free graph with∆(H) = ∆ ≥ 4 and σ(H) < σ(G). By the
induction hypothesis,H has an avd-edge (∆+1)-coloringφ using C . Without loss of generality, we assume thatφ(x1x2) = 1
and φ(x2x4) = 2. If d(x4) ≠ 2, we color x3x4 with 2 and x2x3 with 3. If d(x4) = 2, we color x3x4 with 2 and x2x3 with a color
in {3, 4} \ {φ(x4x5)}.
(B3) G contains a 3-cycle xyzxwith d(x) = 2, 2 ≤ d(y) ≤ 3, and d(z) ≥ 3.
If d(y) = 2, the proof has been given in Case (2.1). So assume that d(y) = 3. Let u ≠ x, z be the third neighbor of y.
Moreover, if d(u) = 3, let u1 and u2 be the neighbors of u different from y. Let H = G− xy. Then H is a normal K4-minor free
graph with∆(H) = ∆ ≥ 4 and σ(H) < σ(G). By the induction hypothesis, H has an avd-edge (∆+ 1)-coloring φ using C .
We handle two subcases as follows:
(3.1) d(z) ≥ 4.
If d(u) ≠ 3, we color xywith a color in C \ {φ(xz), φ(yz), φ(uy)}. Otherwise, d(u) = 3. If there is c ∈ C \ {φ(uy), φ(yz),
φ(xz), φ(uu1), φ(uu2)}, we color xywith c . Otherwise, it follows that∆ = 4 and C = {φ(uy), φ(yz), φ(xz), φ(uu1), φ(uu2)}.
We color xywith φ(uu1).
(3.2) d(z) = 3.
Let φ(xz) = 1, φ(yz) = 2, and φ(vz) = 3, where v ≠ x, y is the third neighbor of z. First, assume that φ(uy) ∉ {4, 5}. If
{φ(uu1), φ(uu2)} = {4, 5}, we color xywith 4; Otherwise, we color xywith a color in {4, 5}\{φ(uu1), φ(uu2)}. Next, assume
that φ(uy) ∈ {4, 5}, say φ(uy) = 4 by symmetry. If there is c ∈ {3, 5} \ {φ(uu1), φ(uu2)}, we color xy with c. Otherwise,
{φ(uu1), φ(uu2)} = {3, 5}, we color xywith 5.
(B4) G contains two 3-cycles xx1zx and yy1zywith d(z) = 4 and d(x1) = d(y1) = 2.
By the proof for (B3), we may assume that d(x), d(y) ≥ 4. By the induction hypothesis, H = G − zx1 has an avd-edge
(∆+ 1)-coloring φ using C . If d(x), d(y) ≥ 5, we color zx1 with a color in C \ {φ(xz), φ(yz), φ(xx1), φ(yy1)}. Otherwise, we
may assume that d(x) = 4, and Cφ(x) = {1, 2, 3, 4} such that φ(xz) = 1 and φ(xx1) = 2. This implies that 5 ∉ Cφ(x).
(4.1) d(y) ≥ 5.
If 5 ∉ {φ(zy1), φ(yz)}, we can color zx1 with 5. Otherwise, we color zx1 with a color in {3, 4} \ {φ(zy1), φ(yz)}.
(4.2) d(y) = 4. Since |Cφ(y)| = 4 and |C | ≥ 5, there is a color a ∈ C \ Cφ(y). If a ≥ 5 and a ∉ Cφ(z), we color zx1 with a.
If a ≥ 5 and a ∈ Cφ(z), it suffices to color zx1 properly. So assume that a ≤ 4. If a ∈ Cφ(z) and 5 ∉ Cφ(z), we color zx1 with
5. If a ∈ Cφ(z) and 5 ∈ Cφ(z), we only need to color zx1 properly.
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Now assume that a ∉ Cφ(z). Clearly, a ∈ {2, 3, 4} since 1 ∈ Cφ(z). If a = 2, we exchange the colors of xz and xx1. When
5 ∉ Cφ(z), we color zx1 with 5. When 5 ∈ Cφ(z), we color zx1 with a color in C \ {1, 2, φ(zy1), φ(yz)}. Thus, assume that
a ∈ {3, 4}, say a = 3. If Cφ(z) ≠ {1, 2, 4}, we color zx1 with 3. Otherwise, we recolor zy1 with 3 and color zx1 with 5.
(B5) G contains a 4-cycle y1y2y3y4y1 such that d(y2) = d(y4) = 2, d(y1), d(y3) ≥ 3, and y1 is adjacent to at most two
3+-vertices.
Let u1, u2, . . . , um denote the neighbors of y1 different from y2 and y4. Ifm ≥ 3, we further assume that d(ui) ≤ 2 for all
i = 1, 2, . . . ,m−2. LetH = G−y1y2. By the induction hypothesis or Lemma 4,H has an avd-edge (∆+1)-coloring φ using
C . Let Cφ(y1) = {1, 2, . . . ,m+ 1}, where φ(y1y4) = 1 and φ(y1ui) = i+ 1 for all i = 1, 2, . . . ,m. Since d(y1) = m+ 2 ≤ ∆
and |C | = ∆+ 1, we see thatm+ 2,m+ 3 ∈ C . Without loss of generality, we assume that d(y1) = d(um−1) = d(um), for
otherwise the proof can be easily given.
If there is c ∈ {m+2,m+3} such that c ∈ Cφ(um−1)∩Cφ(um), we color y1y2 with a color a ∈ {m+2,m+3} \ {c}. When
φ(y2y3) = a, we need to exchange the colors of y2y3 and y3y4. Since φ(y2y3) ≠ φ(y3y4) and a ≠ 1, such an interchanging is
feasible.
If there is c ∈ {m + 2,m + 3} such that c ∉ Cφ(um−1) ∪ Cφ(um), we color y1y2 with c. When φ(y2y3) = c , we further
exchange the colors of y2y3 and y3y4.
If {m + 2,m + 3} ⊆ Cφ(um−1) \ Cφ(um), or {m + 2,m + 3} ⊆ Cφ(um) \ Cφ(um−1), we color y1y2 with a color in
{m+ 2,m+ 3} \ {φ(y2y3)}.
Finally, assume that m + 2 ∈ Cφ(um−1) \ Cφ(um) and m + 3 ∈ Cφ(um) \ Cφ(um−1). In this case, we may recolor y1y4
with a ∈ {m + 2,m + 3} and color y1y2 with b ∈ {m + 2,m + 3} \ {a} such that a ≠ φ(y3y4) and b ≠ φ(y2y3). Since
φ(y2y3) ≠ φ(y3y4), such colors a and b exist obviously. This completes the proof of the theorem. 
Theorem 6. If G is a normal K4-minor free graph with∆(G) ≥ 5 and without adjacent ∆(G)-vertices, then χ ′a(G) = ∆(G).
Proof. Again, let∆ = ∆(G). Obviously,χ ′a(G) ≥ ∆. It suffices to show thatχ ′a(G) ≤ ∆ by induction on σ(G). If σ(G) ≤ 5, the
theorem holds. Let G be a connected normal K4-minor free graph with ∆ ≥ 5, σ (G) ≥ 6 and without adjacent ∆-vertices.
By Lemma 2, G contains at least one of the configurations (B1)–(B5). Note that there are at least 5 colors available.
If G contains (B2), (B3) or (B4), the proof is similar to that of (B2), (B3) or (B4) in Theorem 5.
If G contains (B1), consider the graph H = G− v1, which is a connected normal K4-minor free graph with σ(H) < σ(G).
If ∆(H) < ∆,H has an avd-edge ∆-coloring by Lemma 4 and Theorem 5. If ∆(H) = ∆, then H does not contain adjacent
∆-vertices by the assumption on G, and hence it has an avd-edge ∆-coloring by the induction assumption. Thus, H always
admits an avd-edge∆-coloring φ. Obviously, k ≥ 2. If k ≤ 4, or 5 ≤ k < ∆, the proof is similar to that of the corresponding
cases in Theorem 5. Otherwise, assume that k = ∆ ≥ 5. By the assumption, vi cannot be a k-vertex for all i = 2, 3, . . . , k. It
therefore suffices to properly color the edge vv1 to extend φ to the whole graph G.
If G contains (B5), i.e., a 4-cycle y1y2y3y4y1 such that d(y2) = d(y4) = 2, d(y1), d(y3) ≥ 3, and y1 is adjacent to at most
two 3+-vertices, let u1, u2, . . . , um denote the neighbors of y1 different from y2 and y4. Whenm ≥ 3, we further assume that
d(ui) ≤ 2 for all 1 ≤ i ≤ m−2. LetH = G−y1y2. ThenH is a normal K4-minor free graphwith∆(H) ≤ ∆ and σ(H) < σ(G).
By the induction hypothesis or Theorem 5, H has an avd-edge ∆-coloring φ using the color set C = {1, 2, . . . ,∆}. Let
Cφ(y1) = {1, 2, . . . ,m+ 1}, where φ(y1y4) = 1 and φ(y1ui) = i+ 1 for all i = 1, 2, . . . ,m. Since d(y1) = m+ 2 ≤ ∆ and
|C | = ∆, we see thatm+2 ∈ C . If d(y1) < ∆, the proof is similar to that of (B5) in Theorem5. So assume that d(y1) = ∆ ≥ 5.
By the assumption, d(um−1) ≠ ∆ and d(um) ≠ ∆. If φ(y2y3) ≠ m+ 2, we color y1y2 with m+ 2. Otherwise, we color y1y2
with 1 and recolor y1y4 withm+ 2. This completes the proof of the theorem. 
The following consequence follows immediately from Theorems 5 and 6:
Corollary 1. Let G be a normal K4-minor free graph with∆(G) ≥ 5. Then∆(G) ≤ χ ′a(G) ≤ ∆(G)+ 1 and χ ′a(G) = ∆(G) if and
only if G contains no adjacent vertices of maximum degree.
We conclude this paper by the following problem:
Question. Is Corollary 1 true for normal K4-minor free graphs with 3 ≤ ∆ ≤ 4?
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